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Abstract 

Frame theory in Hilbert spaces were introduced by Duffin and Schaeffer in 1952 to study some deep problems 
in non-harmonic Fourier series. This theory has a great revolution for recent years. It has been extended 
from Hilbert Space to Hilbert C*-modules. In this paper, we study some New Properties of (C, C’)-controlled 
continuous K-g-Frames in Hilbert C*-modules and we established some equalities for controlled continuous 


K-g-Frames. 
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Introduction and Preliminaries 


Frame theory in Hilbert spaces is a new theory which was introduced by Duffin and Schaeffer [8] in 1952 to 
study some deep problems in nonharmonic Fourier series. This theory was reintroduced and developed by 
Daubechies, Grossman and Meyer [6]. 

In 1998, S. T. Ali, J. P. Antoine and J. P. Gazeau [1] introduced the concept of continuous frames in Hilbert 
spaces. Gabardo and Han in [1 1] called these kinds of frames, frames associated with measurable spaces. 

In 2000, Frank and Larson [10] introduced the notion of frame in Hilbert C*-modules as a generalization 
of frame in Hilbert spaces. The theory of continuous frames has been generalized in Hilbert C*-modules. For 
more details, see [2, 23, 28]. 

The aim of this paper is to extend results, given for Hilbert C*-module in discret case. 

Let U and V be tow Hilbert C*-modules and {Vin }mey is a sequence of subspaces of V , where M is a subset 
of Z and End} (U , Vm) is the collection of all adjointable -linear maps from U into Vm, GZ (U) is the set of 
all bounded linear operators which have bounded inverses and GL*(U) is the set of all positive operators in 
GL(U), and 6, 6’ E GL*(U). 


Let us recall basic definitions and notations of controlled continuous-K-g-frames in Hilbert C*-modules. 


Definition 1.1. [21] Let 4 be a unital C*-algebra and U be a left A-module, such that the linear structures of 
A and U are compatible. U is a pre-Hilbert A-module if U is equipped with an A-valued in product <., .): 
Ux U — A such that is sesquilinear, positive definite and respects the module action. In the other words, 


Received: 2021-6-18 1 


Asian J. Math. Appl. (2022) 2022:8 


(i) (af + Beha =alf, hu + B(g, hja forall f, gh, € U anda, B EC, 
(ii) (af, g)a =alf, g)a for alla € A and f, g € ù, 

(iii) V, g)a =(g, fyi forall f, h € U, 

(iv) (f, fja > 0 forall f € U and (f, f)a = 0 if and only if f = 0. 


For f € U we definie a norm on U, ||fI|= IS, Pall? If U is complete with |].||, it is called a Hilbert 4- 
module or a Hilbert C*-module over A. 

For every a in C*-algebra 4 we have |a| = (a*a)? and the d-valued norm on # is defined by |f| = (f, E for 
LEU. 

Let U and & be tow Hilbert A modules, 

A map T : U —> X is said to be adjointable if there exists a map T* : K — U such that (Tz, yya = (x, T*y) a 
forall y € KX and x E€ U. 


Lemma 1.2. /2] Let A be a C*-algebra, U and V two Hilbert A module, and T € End} (U,V). Then the following 


statements are equivalent: 
(i) T is surjective, 
(ii) T* is bounded below with respect to norm, that is, m > 0, such that ||T*||> m||f || for all f €U, 
(iii) T* is bounded below with respect to the inner product, that is, m > O such that (T*f , T*f)||> m ||f |l, forall f € U. 


Lemma 1.3. /29] Let (Q, u) be a measure space, X and Y are tow Banach spaces, A: X — Y be a bounded linear 
operator and f : Q — Y measurable function, then 


acf fiw f APDdn 
Q Q 
Lemma 1.4. [7] Suppose that Vı and Va two Hilbert A-Modules U and Lı € End} (V1, U), Lo € End} (V2, U). 


Then the following assertions are equivalent: 
() R(Lı) E R(Lə) 
(i) LıL* < A? LoL} for some A > 0; 
(iii) There exists a mapping T € End} (V1, Va) such that Ly = LoT. 
Moreover, if above conditions are valid, then there exists a unique operator U such that 
(i) |U |= inf{æ > 0 LıL{ < aLeL3}, 
(ti) ker(L1) = ker(U), 
(iii) RU) € R(L}). 


If an operator T has a closed range, then there exists a right-inverse operator TŻ, (pseudo-inverse of T) in the following 


sense. 


Lemma 1.5. [28] Let T € End} (V1, V2) be a bounded operator with closed range R(T). Then there exists a bounded 
operator TÏ € End) (V2, V1) for which 
TT'z =x, ze R(T). 


Lemma 1.6. /21] Let U and V two Hilbert A-module and T € End} (U,V). Then, the following assertions are 


equivalent: 


(i) The operator T is bounded and A-linear. 
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(ii) There exist k > O such that (Tx,Tx)q < k(x, £ya forall x € H. 


Lemma 1.7. [27] Let U be a Hilbert C*-module. If P,Q € End} (U, U) are two bounded A-linear operators in H 
and P +Q = Ip, the one has 


P-P*P = Q* -Q*Q. 


Lemma 1.8. /27] Let U be a Hilbert C*-module. If P,Q € End} (U, U) are two bounded, selfadjoint A-linear 
operators in H and P +Q = Iy,the one has 


(PF, Py + QFP = QFP HPFP > ÈU, P) 


Lemma 1.9. [27] Let U be a Hilbert C*-module. IfT is a bounded, selfadjoint linear operator and satisfy (Tf, f} = 0, 
for all f € U, then T = 0. 


Definition 1.10. A family A := {An € End} (U , Vin) }mem is called a Continuous g-frame in Hilbert 4 module 
U with respect to {Vin }meu if there exist constants 
0 < A < B < +œ such that for each f € U, 


Af, fa < | nf Auf rad ulm) < BY, Na. 


For this frames the g frame operator is defined by 


SAN) = f uAnfdulm, fea 
which is positive and invertible. 


Definition 1.11. Let C € GL(UW). We say that F := {fn}mem is a C-controlled frame in Hilbert -module 
U if there existe constants 0 < A, < Be < +œ such that for each f € U, 


AA, Pas f So a) Cfa Psd un) < BAL Ds (1.1) 


Definition 1.12. Let C, C’ € G+ (U), we say that A := {Am E€ End} (U ,Vm)}mem is a (C, C’)-controlled 
continuous K-g-frame in Hilbert A-module U if there existe constants 0 < Aee < Be < +00 such that for 


each f €U, 
Aw lK*f, K*f\a < I ACF, MC fad ulm) < Boo I fs (1.2) 


If the right hand of holds, A is called a (C, C’)-controlled-K-g-Bessel sequence in Hilbert A-module U with 
bound Be. 
We call A a Parseval (C, C’)-controlled Continuous K-g-frame if 


(Kf, K fja = f (MCF, MCP ad tm). 


If K = Iy. Then A is (C, C’)-controlled continuous g-frame. 


Let A := {An € End’ (U , Vm)}mem is a 6, 6’-controlled continuous-g-frame in Hilbert A-module U with 
respect to Wn}mem. 
Define the controlled continuous-g-frame operator Scc on U by: 


Yee f CN MC fan 
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Proposition 1.18. The frames operator Sco is a positve, bounded and invertible. 


Proof. For any f € U we have 
Sa i= ‘| CA AnC futon), P), 
= I (CNM C, Pidu), 
= f (AnC F, MC Pdu) 


So 
AF, fia < Scof, F) < BY, Pa- 
Or in the notation from operator theory AI < Scc < BI, thus Sco is a positive operator. 
Furthermore, 0 < A7!S, -I < GAIL and consequently 
z B-A 
||4"S, - IIIs II( Ils 1. 


This shows that Sce is invertible. Now we show that Scc is a bounded operator 


IScoll= sup (Sco, fyl= sup || | (nC f, AmCf)du(m)||< B 
fils \Ifll<1 JM 


Pi 





Some characterizations of controlled continuous K-g-frames in Hilbert 


C*-modules 


In this section, we will characterize the equivalencies of controlled continuous K-g-frames in Hilbert C*- 
modules from several aspects. Now, we can defne the synthesis and analysis operators of the CC’ -controlled 


continuous g-frames. 


Theorem 1.14. Let {An € End%(U,Vin)}mem for any {m € M}. Then {Am : m € M} is a 6, 6’-controlled 
continuous K-g-frame in Hilbert A-module U with respect to Vin }mem if and only if there existe constants A, B > O 
such that for any f € U, 


AIIK* f1? < If C't, AnCf sad u(m)Il< BIAI. (1.3) 


Proof. Let {^n :m € M} is a 6, @’-controlled continuous K-g-frame in Hilbert A-module U with respect to 
Vin}meM- Then 


AK FAK Pia < | (ACS, nC Pad nln) < BU, Pa, 
AIKK* f, K*f alls If Cs, AnCf)ad u(m)||< BIS, Pall 
If inequality (1.3) holds, then by Proposition 1.13 


(SU2f, S2 f} = (Sf, f) = f (MCF, MnC Pad). 


Hence 


VAIIK*f Ils [ISVs VBILII 
AUK, K*f\a < ‘| AnC'L An Pad ute) < BiU, Pas 
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Which implies that {A,, : m € M} is a 6, @’-controlled continuous K-g-frame in Hilbert 4-module U with 
respect to (Vin }mem - 
Now, let 

R= {((C*A AAC) IS : f € Wye C (>) @H)e. 


meM 
It is easy to check that & is a closed of (X meu @H) 2. 
For any f = {fn : m € M} and g = {8m : m € M}, if the A-valued inner product is defined by (f, g} = 
J (Fn, &mydu(m), the norme is defined by ||/||?= I, AIl- Now, we can define the synthesis and analysis 
operators of the CC’-controlled g-frames as 


Tee R >u, 


a 
Tees((C*A mC)" meat = il (C*A* An C’f)d um), 


and 


Teg U >R, 
* x AK ni 
Tee S) = (CA AmC’)? )mem - 
Thus, the CC’-controlled g-frame operator is given by 
See (f) = Tee Tee (Sf) 
= f (C7 AF AnC’f)du(m). 
M 





O 


Lemma 1.15. Let C, C’ € GL! (H). A sequence A is a CC'-controlled continuous g-Bessel sequence in Hilbert 
A-module with bound Bee: if and only if the operator 


Tee : R — H, 
Tae ((C*AAnC’) È nem = f (CA AnC’f)d ulm) 
M 


is well-defined and bounded with ||Tcee ||< VBcc:. 


Proof. We only need to prove the sufficient condition. Let Tew be a well-defined and bounded operator with 
Tec lls VBcc:. For each f € H, we have 


f CAG at = I (C'ASAnC’f, fad ulm) 
M M 
ay f CAL AnC’f fad ulm) 
M 
= (Tec((C*AS AC)? f mem Pa 
Hence, 


Toor (CEAC? fier, fall < [Tec (CACAI 
< Tec MUCA ACA Aier. 


But 
ICCA AC’)? f)|I2= f concer, AmCf)d um) 
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* AK nb 
MACAR AmC’)? AIS ITee IIIA IL, 
* AK ni £ £ g 
(CA AmC)2 AI? S Tec NPIN’. 


It follows that 


facr. AmCf) ad u(m) < Bee'|l(f, Dall- 


and this means that A is aCC’-controlled continuous g-Bessel sequence. Oo 


Lemma 1.16. Let C,C’ € GL*(H). A sequence A is a CC’-controlled continuous g-frame sequence in Hilbert 
A-module if and only if the operator 
Tee : R — H, 


Tee ((C*A}, AC’) 2f) = J (CONAC Ddu) 
is well-defined, bounded and surjective. 


Proof. Suppose that A is a CC’ -controlled continuous g-frame in Hilbert A-module. Since, Sgw is surjective 
operator, so Teg. For the opposite implication, by Lemma 1.15; Tew is a well-defined and bounded operator. 
So A is a CC’-controlled continuous g-Bessel sequence. Now, for each f € H, we have f = TecTiof. Hence 


IAE = AIP 
= Il TecTiof, f) j? 
= Tef, Te PI 
< Tios Tio MIT eS Téc N? 
< Tie PITE? 
< Tie IPNI? I (MCF, MC Padul). 


We conclude that 


(TAIDI, A J MCF, MC Padu) 





Operators preserving controlled K-g-frames 


In this section, for the CC’-controlled continuous K-g-frames {Am}mem. We consider some proper rela- 
tions between the operators W, K € B(U) and C, C’ € GL*(U) and investigate the cases that {AnW} meu; 
{AnW*}mem can also CC’-controlled continuous K-g- frame. Next, by putting connections between the op- 
erators {S4}, K, C and C’ we reach to necessary and sufficient conditions that {Am}mey can be a Parseval 


CC’-controlled continuous K-g-frames. 


Theorem 1.17. Let A be a CC’-controlled continuous K-g-frame in Hilbert A-module U and W € B(U) bea 
co-isometry (ie. WW* = Idy) such that WK = KW and W* commutes with C and C’. Then (AnW*)mem is a 
CC’-controlled continuous K -g-frame in Hilbert A-module U. 


Proof. Suppose that A is a CC’-controlled continuous K-g-frame in Hilbert -module U with frame bounds 
Acc. And Bee for each f € U, we have 


i (AnW*C'f, AnW*Cf)ad ulm) = [onc “fs AmCW* fad u(m) 
< Ber W"f,W" fa 
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hence, 


T AW C'S, AW’ CP jadu) < Bec As 


So, (Ai, W *)mem is a CC’-controlled continuous g-Bessel sequence. For the lower bound, we can write 


Jal CF Sal CP ad ulm) = f ACW, ACW rad lon) 
> Acco (K*W* f, KW" fya 
= Ace (WKY f, (WRKY fya 
= Acce (KWY f, (KW)"f a 
= Ace (W*R* f, W*°K* fja 
= Acc (K*f, K” fja 





O 


Theorem 1.18. Let A := {An € B(U,Vmn)nem} and © := {On € BU, Vm)mem } be tow CC” -controlled continuous 
K-g-Bessel sequences in Hilbert A-module U with bounds By and Bo respectively. suppose that Ta c, cœ and To,co are 
their synthesis operators such that To,c,e T cœ = K*. Then A and © are CC’-controlled continuous K and K*-g- 
frames, respectively. 


Proof. 
IK* FIt = IKK" f, PIP 
= |To,c, e Ti cof KEDIP 
< IT} c of FITZ ¢ oR TP 
2 I (Am C’fs AmC HY a1d pel) i (OnC’K*f,, onC'K* fd wm) 
M M 
< f (MCF, MCP adum) BoKK" F, K* Pal 
So, 
IKK? f, K*f I< Bo I (MCF, AnCf ad wm) 
Thus 


BS!INK*/, K*fyall J ref. MC Aad wl 


This that A is a CC’-controlled continuous K-g-frame in Hilbert -module U with frame operator Sa. For 


ech f € U, we have Tace Toce = K. Thus 


BI IKK F, Kf alls fect, OmCf) ard u(m) 





This that © is a CC’-controlled continuous K-g-frame in Hilbert A-module U. o 


Theorem 1.19. Let A be a g-frame in Hilbert A-module U with frame operator Sa. Also assume that A is a CC’- 
controlled continuous g- Bessel sequence with frame operator Sce. Then A is a Parseval CC’ -controlled continuous 
K-g-frame in Hilbert A-module U if and only if C = (SPO and C’ = (S,")¥ where ®, Y are two operators in 
Hilbert A- module U such that ®*¥ = KK* and p +q = 1 where p,q E R. 
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Proof. Assume that A is a Parseval CC’-controlled continuous K-g-frame in Hilbert A-module U 


f C'E, AnC fad wm) = (Kf K* Pya 
1 eC RA Padum) 


zdi I CW AnC Pad no) 


= (f, Scæ fja 
= (f, KK* fja 


Sco(f) = f CN, AnC'fdulm) 
=C f NAC Odu) 
= ESCA). 
Hence Sce = C*SaC’ and Sce = KK*. Therefore, for each p, q € R such that p +q = 1, we obtain 
KRSCS SC’. 
We define ® = (Sh)*C and Y = (S7)*C’ So 
vee sake. 


Conversely, let ® and ¥ be tow operators in Hilbert A- module U such that ®*¥ = KK*. Suppose that 
C= (SPO and C’ = (SYY are tow operators on Hilbert A-module # wherep, q € R and p +q = 1, Since 


KK* = OU SCS SIC’ = CSC’ = Sce. 


So, for each f € #, 
(KK* f, Pya = K*f, K” fja = S C* Np AnC' f, fad ulm). 





Thus A is Parseval CC’-controlled continuous k-g-frame on Hilbert 4- module U. o 


Some Equalities for CC’-controlled Continuous K-g-frames in Hilbert C*- 
Modules 


Some equalities for frames involving the real parts of some complex numbers have been established in [1 2]. 
These inequalities generalized in [27] for g-frame in Hilbert C*-modules. In this section, we generalize the 
equalities to a more general form which generalized before equalities and we deduce some equalities for Con- 


trolled Continuous K-g-frames in Hilbert C*— modules. 


Proposition 1.20. Let {A,, :m € M} be a CC controlled continuous g-frame for U with respect to {Vn : m € M} 
with controlled continuous g-frame operator Sa with bounds A and B. Then {A,, : m € M} defined by Am = AmS7! is 
a controlled continuous g-frame for U with respect to {Vm : m € M} with controlled continuous g-frame operator a 
with bounds B~! and A7!. That is called controlled continuous canonical dual g-frame of {A,, : m € M} 
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Proof. Let S be the controlled continuous g-frame operator associated with {Am :m € M} that is Sf Š 
Sa C*A AnC fdu(m). Then for f € U, 


SS= | CRAC fan 
M 
= C*SS71AS AnC ST! fdu(m) 
M 
2 I C*AS AC S7! fdu(m) 
M 


=SS lf =f. 


Hence § = S7!. 
Since {A,, : m € M} isa controlled continuous g-frame for U, then AI < S < BI. On other hand since J and S 
are selfadjoint and S7! commutative with J and S, AIST! < SST} < BIST}, and hence BTH < S7! < AHI. o 


Remark 1.21. We have A,,S-1 = A,S~!S = Am. In other words {A,, : m € M} and {An :m € M} are dual 


controlled continuous g-frame with respect to each other. 
Theorem 1.22. Let {A,, € End} (U, Vm) : m € M} bea CC’ controlled continuous K-g-frame, for Hilbert C*- 
module U with respect to {V „ : m € M} and let {Am : m € M} be the CC’ canonical dual controlled continuous k-g 
frame of {A,, : m € M}, then for any measurable subset J C M and f € U, one has 

SNCF MCP adu f DSC, aSr C Padu) = 

J ANCE MCP jaduon + | (ESC F, BwSsC'P rad ulm > 

Je M 
, 3 * * 
S NCF, MC Padum) = HRP KD 


Proof, Since S isan invertible, positive operator on U, and S +S je = S, then S7128 ,S~!/248-!/28 ;.$-!/2 = Iq. 
Let P = S71/2S 7871/2, Q= S28 eS, By Lemma 1.8, we obtain 


_ 1/6 _ 1/6 _ 1/6 _ 1/6 ç =148 _ 1/6 _1/¢6 _ 1/6 © 3 
(2Sa SYF, f) + [SUAS pS = (5S SUF, f) + |S 2S SUPP? = AU, f). 
Replacing f by S!/?/, then one has 


(SIS, P) + (SS af, SP) = Src N+ S'S, 811) 2 USS. A): 


On the other hand, we have 


(Sif frat i COAT AnC’ fd ulm), fot = i One Asi viata, 


I (AnC’f, Rn C’ fad u(m) = 1 Ws GAS a; 


= I (OM AS CES Padua SSIS, S Pa = S, ST Pa = Ss Ff fia 





O 


Theorem 1.23. Let {A,, € End} (U , Vin) : m € M} bea CC " controlled continuous parseval K-g-frame, for Hilbert 
C*-module U with respect to {V ,, : m € M} then for any measurable subset J C M and f € U, one has 


i (AnC'f, AmC HY eed u(r) + | f CAL AnC’fdu(m) |? 
J Je 
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z | UKT Am Cf Ystd ue(m) + | I C*A* An C’ fd ulm)? 
Je df 
3 

> RK a 


Proof. Let {A,, € End (U, Vn) : m € M} isa CC’ controlled continuous Parseval K-g-frame, for Hilbert 
C*-module U with respect to {V „ : m € M} then for any f € U, we have 


i) (C'E, MnC fad (mn) = (Kf K Pya (1.4) 
So 
Sf =(f CNA C fdulm), f) = I (MCF, AnCf pad wan) = (KF, KPa 


Hence for any f € U, we have((S — ly), fya = 0. Let T = S — Iy. Since S is bounded, selfadjoint, then 
T* = (S-Iy)* = S*-T, = S- Iy =T, So T is also bounded, selfadjoint. By Lemma 1.9, we have T = 0, 
namely, S = Iy, so An = A,S~! = An. From (1.4), then we have that for any measurable subset J c M and 
feu, 


7 (SCF, RuSsC’ fad (mn) = f (AnSIC'F, AnS3C' Padum) 
2 


“We hae | J ENAC fano) 





f And f, AnSaeC’ fad ulm) = I AnS rC’, AmSseC'f) cad ulm) 
2 


2 


=(Syef Soef)a = / C* Aj, AmC’ fd u(m) 
JE 





Combining (1.4) and Theorem 1.22, we get the result. o 
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